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ABSTRACT: The self-assembly of block copolymer AmBn into spherical micelles is analyzed using a numerical
self-consistent-field theory. A is the hydrophilic annealed polyacid and B the hydrophobic part. The degree of
polymerization for the polar moiety is fixed (m ) 100), whereas that of the tail is varied (n ) 100, 200, and 300).
The charge in the annealed A block depends on both the pH and the added 1:1 electrolyte concentrationæs.
Beyond the cmc, the diblock copolymers form either low aggregation number starlike or large aggregation number
crew-cut micelles. A nonmonotonic behavior of the micellar properties as a function ofæs for fixed pH is found.
For starlike micelles, the scaling of the aggregation numberNagg with æs is in fair agreement with analytical
predictions, i.e.,Nagg ∼ æs

0.7-0.9. For the core radius, we find thatRcore ∼ æs
0.24-0.3, and for the corona thickness

Tcorona∼ æs
-0.08. For crew-cut micelles, the scaling exponents deviate significantly from analytical predictions.

Upon increasing pH, a smooth transition from crew-cut to starlike micelles happens at highæs. Interestingly, a
coexistence between these two different micellar sizes is possible for relatively low values ofæs in a narrow pH
range. The corresponding thermodynamics, phase diagram, and various structural properties are presented.

I. Introduction

The study of the self-assembly of amphiphiles into association
colloids has received ample attention in the literature due to its
many important applications in various fields, such as formula-
tion science, surface chemistry (wetting), pharmacy (drug
delivery), and environmental sciences (soil remediation).1-4

Analogous to low molecular weight surfactants, in a selective
solvent block copolymers self-assemble into mesoscopic objects.
Beyond a particular concentration, which is known as critical
micellization concentration (cmc), the polymeric surfactants
form so-called micelles. In aqueous solvents, a micelle consists
of a dense hydrophobic core and a strongly hydrated corona.
Polymeric systems have an intrinsic advantage over low
molecular weight surfactants as the chain length of each block
can be widely varied without loosing thermodynamic stability
of the micelles. A large degree of freedom of block lengths
give a flexibility to adjust the copolymers to a particular
application. It is obviously more convenient when the copolymer
self-assembly is responsive to simple physicochemical condi-
tions without the need to adjust the block lengths.

There are strong indications that micelles consisting of block
copolymers with both a hydrophobic and an annealed polyelec-
trolyte block have remarkable responsive structural properties.
Borisov and Zhulina published an extensive theoretical study
for the self-assembly of this type of block copolymers in an
aqueous electrolyte solution.5,6 Their major findings are briefly
reviewed in this article.

From a scaling point of view, two types of spherical micelles
were defined: the so-called starlike (or hairy) and crew-cut

micelles. These two micellar shapes are defined on the basis of
the relative size of their core radius with respect to the corona
thickness. A micelle has a starlike shape when the thickness of
the corona exceeds the radius of the core. The micelle has a
crew-cut shape when the radius of the core is larger than the
thickness of its corona. An illustration of these two cases is
presented in Figure 1. These different micellar morphologies
are experimentally observed for diblock copolymers which
usually consist of a polystyrene hydrophobic block and a
carboxylated hydrophilic part.7-13

The corona mainly consists of weak polyacids. For a fixed
value of the (intrinsic) dissociation constant pKa of the poly-
electrolyte block, the degree of dissociation depends naturally
on the pH. Within the micelle, the charged groups induce a
local electrostatic potentialΨ. This potential counteracts further
dissociation of the acid groups. Small, indifferent ions screen
the charges and thus damp the electrostatic potential. As a result,
the dissociation also becomes a function of the salt concentration
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Figure 1. Schematic illustration of a crew-cut (CC) micelle (left) and
a starlike (SL) micelle (right). The core mainly consists of hydrophobic
chain parts and parametrized byRcore, the radius of the core. The corona
is composed of polyacid segments, andTcorona refers to the corona
thickness.
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æs (in this article, a dimensionless volume fraction of salt is
used). In equilibrium, the charge in the corona is, to a good ap-
proximation, compensated by counterions (Donnan equilibrium).

For micelles with a liquidlike micellar core, Borisov and
Zhulina predicted that the pH andæs dependences of the degree
of dissociation have nontrivial effects on the micellization.5,6

In particular, when pH≈ pKa, various micellar properties of
the system, such as the size and aggregation number, vary
nonmonotonically with the electrolyte concentration.6-15 At pH
, pKa or pH . pKa, the micellar behavior changes monotoni-
cally with varying electrolyte concentration.

The analytical model,5,6 which presumed a boxlike structure
of the corona, predicted that the presence of the annealed
polyelectrolyte block may lead to an abrupt transition in micellar
size. It was also predicted that a starlike form can coexist with
a crew-cut structure, while the intermediate sizes are forbidden.6

This is quite remarkable since the predicted transition does not
involve a topological change (both micellar entities have a
spherical geometry). These theoretical predictions form the
guidelines and the motivation for a more rigorous and realistic
modeling of these micelles by using a numerical SCF model.

The self-assembly of diblock copolymers with an annealed
polyelectrolyte block is analyzed in the present paper by
applying the self-consistent-field (SCF) theory, using the
numerical scheme of Scheutjens and Fleer (SF-SCF).16,17 The
SF-SCF theory combines a first-order Markov approximation
for the chain statistics with a local mean-field approximation.
For a fixed preset geometry, it assumes a homogeneity of the
density of molecular components in planes and allows for
gradients in the normal direction. The SCF method has been
used before to study the self-assembly of uncharged block
copolymers in a selective solvent.18 The Poisson-Boltzmann
equation is used to incorporate charged components. The self-
assembly of ionic surfactants has been studied by, e.g., Bohmer
et al., who applied the SF-SCF scheme for both bulk micelli-
zation and adsorption phenomena,19,20and by Meijer et al.,21-24

Claessens et al.,25 and Rabinovich and Leermakers et al.,26,27

who studied phospholipid bilayers. Within the SCF model,
annealed charges are treated in terms of a multiple-state model.28

The adsorption of block copolymers with an annealed poly-
electrolyte block, or brushes made from these chains, has already
been considered.29 However, the study of micellar formation
of block copolymers with an annealed polyelectrolyte block has
not yet been attempted with the SF-SCF method. Below, we
show that the analytical predictions of Zhulina and Borisov5,6

are consistent with our numerical calculations and that it is
indeed possible that two different micellar sizes coexist.
Interestingly, micellar coexistence is consistent with the presence
of a first-order-like phase transition.

At this stage, it is important to recall the notion of the
thermodynamic limit when dealing with phase transitions. In
particular, for a system that features a first-order phase transition,
one typically will have two distinct macroscopic states of the
system, i.e., gas-liquid or liquid-liquid phase separation. There
is a well-defined set of chemical potentials at which the
coexistence is possible, and the free energy landscape features
two local minima separated by an infinitely high maximum.
The composition of coexisting phases is given by the so-called
binodal. When the overall composition changes, only the
volumes of the two coexisting phases change and not their
compositions (their chemical potentials are fixed). Only in the
single-phase regions of the phase diagram, the chemical
potentials become a function of the average composition. It is
known that for systems in which the coexisting phases are not

macroscopic in size a true first-order phase transition cannot
occur. One of the key examples of a system that suffers from
finite-size effects is the self-assembly of surfactants (copoly-
mers) into micelles. For micellar systems, phase transition-like
phenomena can be envisioned, although there may be many
intricacies. To illustrate this, it is relevant to discuss how free
copolymers exist in equilibrium with small micelles.

It is obvious that the volume of a single micelle remains
microscopic; i.e., the length scale remains in the order of the
copolymer size. Again, one important consequence of this is
that the micellar formation cannot proceed through a first-order
phase transition. Nevertheless, very often one can identify a
critical micellization concentration (cmc) which refers to a
binodal-like phenomenon connected to a first-order phase
transition. However, for the micellar system, it is not correct
that the chemical potential of the copolymer remains fixed when
the total number of micelles is increased (by increasing the over-
all copolymer concentration above the cmc). In fact, it can be
shown that the chemical potential of the surfactants (copolymers)
increases slightly with increasing micelle concentration. As the
chemical potential increases, there must be a concomitant growth
of the micellar size which may be significant. For a sufficiently
high aggregation number, the change in chemical potential is
very small (the chemical potential is fixed in the first order),
and the growth of micellar size with copolymer concentration
remains limited. Therefore, one can view micellar formation
as a first-order-like phase transition. As it will be discussed
below, all of these aspects are incorporated in the thermody-
namics of small systems and retrieved in all the details in the
SCF modeling of micellar formation.

As previously mentioned, the charged annealed block co-
polymer system leads to the possible presence of two distinct
kinds of stable micelles that coexist at the same chemical
potentials. As intermediate micelle sizes are not stable, we are
confronted with an interesting type of phase coexistence, which
is again reminiscent of a first-order-like phase transition.
Apparently, the free energy landscape must feature two local
minima separated by a maximum with a finite height. This leads
to the presence of finite size effects. For example, we should
anticipate that it is possible to change the ratio between the
numbers of the two types of micelle simply by changing the
amount of copolymers in the system. However, such change
cannot occur at fixed chemical potentials. As a natural conse-
quence, the two micellar species will necessarily be responsive
to changes of the chemical potentials. The thermodynamics of
small systems that is compatible with two distinct micellar
species will be discussed below in some depth. Furthermore,
in the discussion, we will come back to the physics of phase
coexistence in small systems.

The outline of the remainder of this article is as follows: We
first describe the application of thermodynamics of small system
to the analysis of the SF-SCF calculation. This is followed by
the review on the statistical modeling, in particular, the SCF
theory for an inhomogeneous system of copolymers that is
combined with a summary of all input model parameters. The
article is closed by the description of the results and conclusions.

II. Thermodynamics of Small System

The thermodynamical background of self-assembly has a solid
foundation in the thermodynamics of small system initiated by
Hill. 30 It was elaborated further for the case of surfactant
micellization by Hall and Pethica.31 The SF-SCF model is
ideally suited to give the (statistical) thermodynamical frame-
work that implements the small system analysis. This method
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has been used previously for surfactant (copolymer) systems.
Here, we review the important steps and apply the method to
deal with the coexistence of crew-cut and starlike micelles.

In the classical thermodynamics, according to Gibbs,32 in a
macroscopic system consisting ofc components, the change of
internal energy dU due to the change of entropy dS, volume of
the system dV, and the total number of molecules of theith
component dNi, at temperatureT, pressurep, and chemical
potential of all componentsµi, is given by

In the case of micellization, this expression is extended by
introducing two conjugated quantities, i.e., the subdivision
potentialE and the number of micellesN,30,31 such that

Therefore, the change of the Helmholtz energy dF, whereF )
U - TS, can be expressed as

where the equilibrium and the stability conditions lead to two
constraints:

Equation 4 ensures that at equilibrium the macroscopic ther-
modynamics for a homogeneous phase, as expressed in eq 1, is
conserved. Equation 5 assures the stability of the micellization.
Furthermore, under isothermic conditions, based on eq 3, one
obtains

or equivalently

The complete subdivision potentialE cannot be computed
by SCF type of modeling. The reason is that in the numerical
procedure one considers a single micelle in the center of the
coordinate system. Instead, the grand potential per micelleΩ
is obtained and interpreted as the translationally restrictedE .
Therefore, an extra entropic termSextra, which is coupled to
degrees of freedom at the level of the whole micellar object
and that is ignored by the SCF method, has to be added to regain
the complete subdivision potential

As already referred to in the Introduction, in the SCF system
(one micelle is in the center of the coordinate system), equivalent
to eq 5, the relevant stability constraint is reformulated as

Since in a closed system with constant number of surfactants
(copolymers) the number of micellesN is reduced upon
increasing aggregation numberNagg, the stability condition can
be rewritten as

If stable monodisperse micelles exist for a particular chemical
potential of copolymers, the extra entropic termSextra is just
the translational entropyStransof a micelle, i.e.,Strans= -kB ln
æm, whereæm is the volume fraction occupied by a micelle. As
the system is macroscopically homogeneous and each small
system has a single micelle, the volume fraction of the micelle
is given by the ratio of the intrinsic volume of the micelleVm

and the volume of the small systemV ) V/N. The intrinsic
volume of the micelle can be estimated by

whereθp
exc is the total excess number of copolymer segments

in the micelle, i.e., the aggregation numberNagg multiplied by
total number of segments of each copolymer. The parametera
is the characteristic size of a lattice site where one segment is
located. Therefore,a3 is the unit volume of each segment (further
discussion about the discretization and numerical scheme can
be found in the next section). By using expression 11, the
micellar volume fraction can be written as

Obviously, the AnsatzStrans= -kB ln æm only applies when
the micelle is in a very dilute solution such that there are no
steric and electrostatic interactions between micelles (for the
case of ionic micelle). In a dilute solution and at equilibrium,
the micelle volume fractionæm is thus directly related to the
grand potential

Note that in the SCF model one obtains the most likely micellar
size and fluctuations around this size are ignored. In eq 13, the
entropy associated with the fluctuations in size is not included,
whereas it should be accounted for in a more complete model.33

Here, we restrict ourselves to the first-order effects.
In the SCF model, there is only one micelle in the system

which is in equilibrium with a dilute copolymer solution.
Nevertheless, from the SCF model, it is possible to understand
how different micelles can coexist. This happens when for
various micelles both equilibrium and stability constraints are
fulfilled at a fixed set of intensive variables{µi}. In this case,
it is believed thatSextra contains both translational and mixing
entropy contributions.

If there are, for example, two stable micelles that differ in
size, then there are two restricted grand potentialsΩ1 andΩ2.
Let the volumeV containsN1 (small) micelles of type 1 and
N2 (large) micelles of type 2. The micelle of type 1 occupies a
small system with volumeV1, and the micelle of type 2 occupies
a different small system with volumeV2. These micelles are
characterized by the same micellar volume fractionæm (cf. eq
12)

dU ) T dS- p dV + ∑
i

c

µi dNi (1)

dU ) T dS- p dV + ∑
i

c

µi dNi + EdN (2)

dF ) -SdT - p dV + ∑
i

c

µi dNi + EdN (3)

∂F
∂N|T,V,{Ni}

) E ) 0 (4)

∂
2F

∂N2|
T,V,{Ni}

) ∂E
∂N|T,V,{Ni}

> 0 (5)

F ) -pV + ∑
i

c

µiNi + EN (6)

F + pV - ∑
i

c

µiNi ) EN (7)

Ω - TSextra) E (8)

∂Ω
∂N |T,V,{Ni}

> 0 (9)

∂Ω
∂Nagg

|
T,V,{Ni}

< 0 (10)

Vm = θp
exca3 (11)

æm )
θp

exc

V
a3 )

θp
excN

V
a3 (12)

æm ) e-Ω/kBT (13)
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whereθp
exc1 andθp

exc2 are the total excess numbers of copolymer
segments in the micelle 1 and 2, respectively. All the micelles
exist in a single (N1, N2, V1, V2, T) system in which the total
volume of the systemV ) N1V1 + N2V2. The whole system
consists ofN1 + N2 small systems; each contains either a large
or a small micelle. Therefore, the expression of the grand
potential of the total system is

In equilibrium, there are two contributions to the extra entropy
Sextra that should be added. These are the translational entropy
of micellesStrans within their small system volumesV1 andV2,
i.e.,Strans= -kB(N1 ln æm + N2 ln æm), and the mixing entropy
of two different types of micelle,Smix = -kB(N1 ln X1 + N2 ln
X2). Here,X1 andX2 are the mole fractions of small systems of
type 1 and 2 in the system

Obviously,X1 + X2 ) 1, which indeed expresses the volume
conservation. The use of the same micellar volume fractionæm

in the translational entropyStransfor both micellar sizes implies
a macroscopically homogeneous distribution of copolymers in
the small systems 1 and 2 since both small systems contain the
same overall amount of copolymers. The mixing entropySmix

accounts for the number of ways to distributeN1 micelles of
type 1 andN2 micelles of type 2 over the whole system. By
using the above expressions of translational and mixing
entropies, the grand potentialΩi of the small system with micelle
of type i is

wherei ) 1, 2. Equivalently

It has to be noted that the variablesæm, Xi, andΩi depend on
the total copolymer concentrationæp, and from the mass
conservation, one finds that

By substituting eq 19 into the expression 20, one obtains

expressing that for a given coexistence of two micellar sizes
the copolymers in the system can be found either in the bulk as
free molecules (first term on the rhs), in small micelles (second
term), or in large micelles (last term).

III. Statistical Modeling

From the above description, it is clear that it is necessary to
generate the grand potentialΩ for micelles composed of a given
number of copolymers as well as to predict its structure as a
function of the copolymer concentration and other physico-

chemical characteristics of the system. The statistical thermo-
dynamics provides the machinery for a given molecular model.
To illustrate this point, it is of use to discuss briefly how the
statistical thermodynamics is implemented in the analytical
framework typically used for polymeric micelles.5,6

We consider a solution with volumeV that containsN block
copolymer molecules. We assume that there areN0 block
copolymers are free as unimers and thatN - N0 ) NaggN
monomers are in micelles, whereN is the total number of
micelles (typically in the polymer literatureNagg is denoted as
p). In a canonical ensemble, the Helmholtz energyF(N,V,T) is
the characteristic function. Assuming the dilute solution, one
can model the micellar system as an ideal gas of particles

Here, the first term is the free energy of the micelle (Fp is the
free energy per monomer in micelles), and the second term is
the translational entropy of the micelles. In a slightly better
approximation, one should also account for the volume of the
micelle to enumerate the micellar translational entropy (see also
the previous section, cf. eq 12). The third term is the free energy
of the unimers (F0 is the free energy per unimer), whereas the
final term is the translational entropy of the unimers. In the
dilute solution the solvent concentration is considered to be high
and constant such that the free energy contribution is safely
neglected.

The free energy is then optimized both with respect to the
number of micellesN and the aggregation numberNagg that
leads to

The grand potential of the translationally restricted micelle is
given by

where the chemical potentialµp of the free polymer chains is
given byµp ) F0 + kBT ln[(N - NaggN)/V]. By applying eq 23,
the partial derivative of the grand potentialΩ with respect to
Nagg leads to the Gibbs-Duhem relation

since∂µp/∂Nagg > 0 for stable micelles. Equation 26 is thus
consistent with eq 10. By introducing the mole fraction of
micelles asxm ) N/V, eq 24 reduces to

which is equivalent to eq 13 when the volume of the micelle is
ignored in the translational entropy of the micelle. We note that
the molecular modeling is easily extended to account for
different populations of micelles.

æm )
θp

exc1N1 + θp
exc2N2

V
a3 (14)

Ω ) N1Ω1 + N2Ω2 (15)

X1 )
N1

N1 + N2
(16)

X2 )
N2

N1 + N2
(17)

Ωi ) T(Stransi
+ Smixi

) ) -kBT(ln æm + ln Xi) (18)

Xiæm ) e-Ωi/kBT (19)

æp ) æp
b + X1æm + X2æm (20)

æp ) æp
b + e-Ω1/kBT + e-Ω2/kBT (21)

F
kBT

) NaggN
Fp

kBT
+ N ln( N

eV) + (N - NaggN )
F0

kBT
+

(N - NaggN ) ln(N - NaggN

eV ) (22)

Fp + Nagg

∂Fp

∂Nagg
- F0 - kBT ln[N - NaggN

V ] ) 0 (23)

Fp +
kBT

Nagg
ln(N

V ) - F0 - kBT ln[N - NaggN

V ] ) 0 (24)

Ω ) Nagg(Fp - µp) (25)

∂Ω
∂Nagg

) -Nagg

∂µp

∂Nagg
< 0 (26)

xm ) e-Ω/kBT (27)
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To evaluate the relevant free energiesFp and F0, typically
further approximations about the structure of the micelle are
needed, e.g., with respect to the geometry of the micelles, the
sharpness of the core-corona interface, the penetration of the
solvent in the micelle, etc. For such details we refer to the
corresponding articles.5,6

At some stage of the procedure, it becomes useful to choose
a typical micelle out of the range of stable micelles. In many
cases, the Ansatz is to ignore the translational entropy of the
micelles (second term in eq 22). This directly leads to the
equilibrium condition at whichΩ ) 0. In other words, instead
of a range of micelle sizes that are stable, one focuses on the
micelle with vanishing grand potential value. This choice allows
a systematic study toward the scaling relations in polymeric
micelles. Of course, one can do the same in the numerical SCF
model. However, we choose below to remain closer to experi-
mental system and select quite arbitrarily the micelle withΩ
) 10kBT as a representative micelle that can be observed
experimentally in (dilute) micellar solutions. It is easily seen
that the small difference in choice forΩ does not disrupt the
comparison between the analytical and numerical approaches.

A. Self-Consistent-Field Theory and Model Parameters.
In the analytical models, approximations are needed to compute
Fp and F0 in order to evaluateΩ. Within the self-consistent-
field approach, it is possible to obtain the (mean-field) partition
function accurately without the need to put constraints onto the
molecules. From the partition function and the corresponding
characteristic function, the grand potential can be derived with-
out further approximations. The main approximation in mean-
field partition functions is that the binary distribution function
between pairs of particles or atoms, which is needed to account
the binary interactions, is replaced by a singlet distribution
function for a particle (atom) in a self-consistent (external)
potentialu. Particularly in densely packed systems (as is the
case in micellar solutions), the difference between theactual
surroundings of a molecule does not differ too much from the
aVerage one. As a result, such a mean-field approach is
reasonably accurate. In the following, we introduce the molec-
ular model and give the essential background information on
the SCF theory used for the micellization of diblock copolymers.

It is essential to mention that in any SCF method the
symmetry of the system must be specified and fixed during the
calculations. Here we use a discrete SCF model imposing a
spherical geometry. This means that we will only focus on
spherical micelles. We use the discretization scheme of Scheutjens
and Fleer (SF-SCF) where the molecules are assumed to be
composed of segments. These segments fit on lattice sites,16,17

and lattice sites are arranged in layers which are numberedr )
0, ..., M. The number of lattice sitesL(r) in each layer grows
quadratically with the layer numberr, i.e., L(r) ∼ r2, wherer
) 0 is the center of the coordinate system that will coincide
with the center of mass of the micelle, andr ) M is the last
lattice layer in the system. We chooseM ) 150, which is a
sufficient number such that the micelles are isolated; i.e., it
exceeds significantly the Debye length. There is one charac-
teristic lengtha ) 0.3 nm which is associated with the size of
a lattice site. It is used below to normalize all other linear
lengths. Since the numerical discretization of the SF-SCF model
requires us to use dimensionless concentrations (volume frac-
tions), thus for the monomeric components, one has to multiply
volume fraction by 55.4 to obtain concentration in mol/L (the
conversion value of water, modeled as a monomer, with unity
bulk volume fraction). As an example, the volume fraction of
salt æs ) 10-5 is equal to the experimental salt concentration

5.5 × 10-4 M. Furthermore, in this lattice system, the a priori
step probability to move inward, outward, or to remain in the
layer depends on the coordinater. It is assumed that these step
probabilities go to1/3 in the limit of larger. These probabilities
are used to account for the geometric-dependent local averages.34

The linear sequence of segments specifies the chain mol-
ecules. Here we use copolymers that consists of hydrophobic
block B with lengthn and a polyacid block A with degree of
polymerizationm, i.e., AmBn, with the total degree of polym-
erization Ñ ) m + n. Three types of copolymers, A100B100,
A100B200, and A100B300, are used. In addition, there is a 1:1
electrolytes with each of the positively charged (with valence
Vs+ ) 1) or the negatively charged ion (Vs- ) -1) is a monomer
that fits a lattice site. In this calculation, the solvent (water) is
also modeled as a monomer. The acid groups A exist in two
possible states, either chargedVA- ) -1 or in a neutral form
VHA ) 0. The water molecules have three distinct states; most
of it is in the neutral formVH2O ) 0, whereas the other states
areVH3O

+ ) 1 andVOH- ) -1. The concentration of each states
depends on the pH with corresponding pKw ) 14. The
dissociation constant of the polyacid group pKa is set to 4.25,
which is the value for a carboxylic group.35

Besides the electrostatics, which is accounted for on the
Poisson-Boltzmann level, we have short-range nearest-neighbor
interactions parametrized by well-known Flory Huggins pa-
rameters. The chosen values are consistent with water being a
selective solvent, i.e.,øAB ) øBs ) 1.6, wheres is the electrolyte
monomer, andøBW ) 1.3, which indicates strong repulsion
between these segments. An athermal interaction parameter
between the polyacid group and water is used (øAW ) 0), which
reflects its hydrophilicity (miscibility with solvent).

The basis for computing the partition function of inhomo-
geneous polymer systems is the Edwards diffusion equation,
where polymer segments experience a segment-type potential
field dependence.36 Within this scheme, chain conformations
are effectively generated using a first-order Markov approxima-
tion, in which the degeneracyωc of each conformation (specified
sequence of visited coordinatesrs

c by the segmentss ) 1, ...,N
of the chain in conformationc) is computed using the step
probabilities mentioned above. As ther coordinates of all seg-
mentss are known, the overall potentialuc of a given confor-
mationc is available, i.e.,uc ) ∑su(rs

c). The number of chain
in this conformation is given bync ) Cωce-uc/kBT, whereC is a
normalization constant chosen such that the total number of
molecules in the system is according to the specifications (input
value) andkBT is the thermal energy. Once all conformations
are summed up, one has excess to all volume fraction profiles
æX(r) whereX ) A, B, s, W, including all possible internal states
of A andW. We use the multiple-state approach of Bjorling et
al.37 to properly account for the internal state equilibria.

The self-consistent potentials follow the volume fractions
profiles. In particular, we account for the short-range interactions
using the Flory-Huggins parameters and Coulombic interac-
tions. For the latter we have implemented the discrete form of
the Poisson equation, in which for the case of spherical
coordinate system

where the local relative dielectric constantεr(r) are found by a
volume fraction weighted average of segmental relative dielec-
tric permittivities. The local charge distributionF(r) are found
in similar way, i.e.,F(r)/e ) ∑X∑jVXj(r)æXj(r), wheree is the

ε0
1

r2

d
dr(r2

εr(r)
dΨ(r)

dr ) ) -F(r), ∀r ∈ [0, M] (28)
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elementary charge,VXj(r) is the total number of charges (per unit
area) of segmentX at the possible statej in layer r, andæXj(r)
is the corresponding volume fraction which is subjected to the
incompressibility constraint∑X∑jæXj(r) ) 1 for all coordinates
r. By solving this Poisson eq 28, one obtains the local
electrostatic potentialΨ(r). For water we choose the relative
dielectric constant to be 80. For all other components we choose
a lower value ofεr ) 10. Besides short-range and electrostatic
interactions, in the segment potential field there is also a segment
polarization term as well as a Lagrange contribution.38

In summary, for each segment type there are two conjugated
distribution, i.e., the radial volume fraction profileæX(r) and
the radial potential profileuX(r), which should be consistent
with each other. Typically, the number of copolymer molecules
in the system is an input parameter as well as the pH and the
electrolyte volume fraction in the bulk solution (semi-open
ensemble). In equilibrium with the micellar object at the center
of the coordinate system, there are few copolymer chains exist
as unimers in the bulk solution. The volume fraction of one of
the electrolyte ions is used to impose the electroneutrality
condition in the bulk. Once all potentials and volume fractions
are known, the grand potentialΩ is evaluated as follows39

where-Π(r) is the dimensionless grand potential density

In eq 30, the radial potentials of segmentX at statej is denoted
by uXj(r) andæi(r) ) ∑sæi(r,s), i.e., sum of the volume fraction
of all segments of moleculei in layer r, whereasæi(r,s) are
obtained from the statistical weight of the segments in molecule
i (known as segment-weighting factors);Ni is the total number
of segments of moleculei. Furthermore, the superscriptb
denotes the variables in the bulk solution, and the angular
bracket indicates that the volume fraction is averaged over
neighboring layers (nonlocal Bragg-Williams approximation).
The last term of eq 30 is the electrostatic contribution, wheree
is the elementary charge andυXj is the valence of segmentX at
statej.

IV. Results and Discussion

From the calculations, various equilibrium structural proper-
ties of spherical micelles such as the size and aggregation
number, as well as corresponding thermodynamic quantities,
are obtained. We start with a small subsection presenting a case
study. This allows us to elaborate on the way SCF results are
coupled to the thermodynamics of small systems. The case study
is followed by the analysis of the properties of the micelles as
a function of pH and salt volume fractionæs. In the last
subsection, the coexistence of different micellar sizes in a narrow
pH range and lowæs value is analyzed in more detail.

A. Case Study: A100B300, pH ) 3, æs ) 10-5. This
subsection is started with the discussions of some properties of
a micellar solution of the copolymer A100B300 at pH ) 3 and
æs ) 10-5. Under this condition, the micelles are very weakly
charged, and just one type of micellar size exists, i.e., the crew-
cut micelle. For this system, we present the grand potential and
chemical potential of the copolymer as a function of the
aggregation number and selected radial charge, electrostatic
potential, and a few density profiles.

Figure 2a shows the plot of the grand potentialΩ and the
chemical potential of copolymersµp as a function of the
aggregation numberNagg. Here, the stability constraint in eq 10

Figure 2. (a) Plot of the grand potentialΩ and chemical potential of copolymersµp as a function of aggregation numberNagg. The first set of dots
at Nagg ≈ 175 indicates the theoretical cmc, i.e., the first appearance of thermodynamically stable micelles. It is indicated byΩ* on the Ω curve.
The second set of dots atNagg≈ 480 corresponds to the grand potential valueΩ** ) 10kBT. This system is taken to depict the electrostatic potential
Ψ and charge densityq in (b) and the radial volume fractionæ of block copolymers A and B in (c). The profilesæA andæB at theoretical cmc is
depicted in (d). The radial coordinate is denoted asr. All the plots are for the block copolymer A100B300 at pH ) 3 andæs ) 10-5.
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is satisfied beyondNagg ≈ 175. This value corresponds to the
theoretical cmc where the grand potential value is large, i.e., at
Ω* ≈ 325kBT. The theoretical cmc is defined as the bulk
concentration of polymer where stable micelles start to form,
i.e., where∂Ω/∂Nagg ) 0. At the theoretical cmc, the chemical
potential of copolymers is the lowest and gradually increasing
with aggregation number. AsΩ* ≈ 325kBT, the micellar volume
fractionæm = e-Ω*/kBT is extremely small. Experimentally, it is
impossible to observe such a low concentration of micelles. With
increasing polymer concentration, the volume fraction of
micelles increases asΩ decreases andNagg increases dramati-
cally. Quite arbitrary, the grand potential valueΩ** ) 10kBT
is chosen as a point of reference for an experimentally accessible
micelle. This value is chosen differently from the zero grand
potential that is used by Borisov and Zhulina in their analysis.5,6

It is clear however that both approaches lead to the same trends.
Our Ansatz is internally consistent since it is assumed in the
model that the micelles exist in the dilute regime. A value of
grand potentialΩ ) 10kBT is used to ensure a sufficient amount
of translational entropy.

In Figure 2b, the radial profiles of the electrostatic potential
Ψ(r) and charge densityq(r) are plotted for the micelle with
Nagg ≈ 480. The small negative charge in the corona is due to
the presence of the deprotonated polyacid segments which are
locally compensated by excess small counterions. Figure 2b
shows that the charge relaxes to zero in the bulk according to
the classical description of the electric double layer. Because
of the electroneutrality, the integrated charge densityq in the
whole system is equal to zero. In the region where most of the
hydrophobic groups are found (core of the micelle), the dielectric
permittivity is low, and this micellar part remains virtually free
of charges (positive charge exists due to the presence of
counterions at the core-corona region). The corona region,
where most of the polyacid block can be found, is negatively
charged, and an excess of counterions is accumulated in the
core-corona and corona-solution interfaces. The charge dis-
tribution inside and around the micelle induces an electrostatic
potentialΨ(r), which in this case is negative throughout the
system. The maximum electrostatic potential is found in the
corona, and it vanishes in the bulk. Inside the core, the potential
remains finite.

The radial profiles of volume fractionæA andæB are shown
in parts c and d of Figure 2, corresponding to the micelle at
Ω** and Ω*, respectively. For these micelles, the core and
corona are easily located since the densely packed hydrophobic
B and hydrated hydrophilic A blocks are spatially well separated.
The profiles in both figures have very similar characteristics,
and the change inNagg is mostly reflected in the change of the
core size. Throughout the article, the thickness of the corona
Tcorona of a micelle is computed as the first moment of the
volume fraction of A groups with respect to the center of the
micelle (r ) 0) minus the core radiusRcore, which is obtained
directly from the density profileæB (Rcore is twice the first
moment ofæB). The micelle atΩ** ( Tcorona ) 11.94,Rcore )
34.94) is significantly larger than the micelle atΩ* (Tcorona)
10.81,Rcore) 24.61). All sizes are in the units of lattice sizea.

B. Ionic Strength and pH Dependences.In the following,
unless indicated otherwise, all of the results are for micelles
with a grand potential equal toΩ ) 10kBT. The corresponding
micelles, with micellar volume fractionæm ) e-10 ≈ 4.5 ×
10-5, are considered to be the ones which are found near the
experimental cmc.

In Figure 3, two set of plots of aggregation numberNagg as
a function of pH are shown. Figure 3a shows monotonically

decreasingNagg as pH increases for the copolymers A100B100,
A100B200, and A100B300 at æs ) 10-3. At a fixed pH, the
aggregation number increases with the length of the hydrophobic
tail B due to a stronger hydrophobic attraction for longer tail
moiety. For each copolymer, theNagg decreases with pH, and
this decrease is more pronounced for longer tail lengths. As
the pH increases, the number of charges in the polyacid block
increases. This increase in degree of dissociationRA- leads to
a more repulsion between the headgroup segments. This explains
the decrease of the aggregation number. A complementary
explanation for the decrease of the aggregation numberNagg

with increasing pH is that the proton charge is, to a first order,
locally compensated by the accumulation of counterions. The
local increase in the osmotic pressure promotes the hydration
of the corona such that the corona occupies more space.
Geometric considerations predict a decrease of the aggregation
number.

Figure 3b shows a significantly more complex behavior of
Naggas a function of pH for a wide range ofæs. For each value
of æs, Naggis a monotonically decreasing function of pH because
of the accumulation of charges in and around the corona.
Interestingly, some of the curves for differentæs values cross
each other. This indicates a nonmonotonic behavior of the
aggregation number with increasing electrolyte concentration
æs (at a given pH). In the range ofæs from 10-3 to 10-1, the
aggregation number drops at low pH, and in the range ofæs

from 10-3 to 10-5, the aggregation number drops at high pH.
This nonmonotonic behavior can be seen more clearly in Figure
4. Here,Nagg is depicted as a function ofæs for three different
pH values. At pH) 2, the aggregation number varies hardly
with æs since the polyacid block is uncharged. For pH) 4, the
Nagg decreases from around 350 atæs ) 10-5 to around 50 at
æs ) 10-3 and rebounds toNagg ≈ 400 atæs ) 10-1. At pH )
5, only stable micelles are found foræs > 10-3.

To understand better howNagg is a function of pH andæs,
let us discuss the degree of dissociation of the acid groups in

Figure 3. (a) Plot of the aggregation numberNagg as a function of pH
at a restricted grand potentialΩ ) 10kBT andæs ) 10-3 for different
block copolymers as indicated: A100B100, A100B200, and A100B300. (b) A
similar plot for block copolymer A100B300 at the sameΩ value for
different electrolyte volume fractionæs as indicated.
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the corona in more detail. For this purpose, the copolymer
A100B300 is selected. In the annealed polyelectrolyte chain, the
degree of dissociationRA- depends on the local pH and on the
electrostatic potential, which is influenced by the presence of
salt. In Figure 5, the profiles of the degree of dissociationRA-

along the radial directionr from the center of a micelle are
depicted for different electrolyte concentrationæs and pH. In
Figure 5a, theæs is varied from 10-1 to 10-4 at pH) 4, whereas
in Figure 5b, the pH is varied from 3 to 5 foræs ) 10-3. As in
Figure 3,Nagg is not fixed. In fact, the aggregation number

decreases as pH increases (cf. Figure 3a), and for lowæs, the
aggregation number decreases asæs increases and the reverse
is found for highæs (cf. Figure 3b). A close inspection of Figure
5 allows an estimation of the micellar size. It can be seen from
Figure 5 that the core and corona sizes change correspondingly
with Nagg.

In general, the degree of dissociation is suppressed by the
negative electrostatic potentialΨ. Thus, the degree of dissocia-
tion of the headgroups A in the corona of the micelle is smaller
than that in the bulk. However, it can be seen in Figure 5a that
the degree of dissociationRA- remains relatively high in the
corona region for a higher electrolyte concentration. Since the
profile of R follows the electrostatic potential profile and since
the electrostatic potential in the core is finite, the value of the
degree of dissociationRA- in the core is significant. However,
the contribution of this to the total charge in the micelle can be
neglected due to the infinitesimal amount of polyacid in the
core.

For varying pH (Figure 5b), the degree of dissociation outside
the micelle follows the trend in the bulk; i.e.,RA- increases
with increasing pH. In the corona of the micelle,RA- is again
suppressed due to the negativeΨ. When pH, pKa, the potential
remains relatively low and the degree of dissociationRA- follows
that in the bulkRA-

b . When pH. pKa, RA- is only suppressed
at sufficiently high Ψ. Again, RA- follows RA-

b to the first
order. At intermediate pH,RA- is mostly suppressed in the
micelle.

A similar nonmonotonic behavior forNagg as a function of
æs has been predicted analytically.6 The cause of this nonmono-
tonic behavior is the opposite effect of the electrolyte on the
charge characteristics in the micelle. By increasing electrolyte
concentration, counterions screen the electrostatic repulsion
between charged groups such that the effective charge dimin-
ishes and the electrostatic potential is reduced. The lowΨ leads
to a generation of more charges by further dissociation. This
increasing dissociation attracts more counterions and so forth.
This cooperative effect of salt can develop best when pH≈
pKa. At more extreme pH values, the proton charge regulation
is suppressed.

From the result such as in Figure 3a, it is found that
aggregation numberNagg scales with the degree of polymeri-
zationm of hydrophobic group asNagg ∼ mx with x ) 1.6 for
crew-cut micelles and 1.8 for starlike micelles. The analytical
prediction6 for this proportionality isx between 1 and 2 for crew-
cut micelles and 10/11 for starlike micelles.

The scaling ofNagg and other properties, such asRcore and
Tcorona, with æs depends strongly on the pH. As can be seen in
Table 1, at lowæs, Nagg∼ æs

-0.47 for crew-cut micelles at a pH
close to the pKa. At high æs, Nagg ∼ æs

y wherey varies from
0.43 to 0.45 for crew-cut micelles and 0.7 to 0.9 for starlike
micelles at a pH around the pKa value. The scaling for the

Figure 4. Plot of the aggregation numberNagg as a function of
electrolyte concentrationæs for a few pH values as indicated at the
grand potentialΩ ) 10kBT for block copolymer A100B300.

Figure 5. (a) Degree of dissociationRA- along radial directionr from
the center of a micelle from the A100B300 block copolymers at pH) 4
and varyingæs, as indicated. (b) A similar plot at salt concentrationæs

) 10-3 at different pH.

Table 1. Analytical and Estimated Numerical SCF Values of Scaling Exponents of Micellar PropertiesRcore, Tcorona, and Nagg from Block
Copolymers AmBn in the Specified Physicochemical Conditions; Crew-Cut and Starlike Micelles Are Denoted by CC and SL, Respectively

analytical SCF

x conditions x conditions

Rcore∼ æs
x -2 CC, lowæs -0.15 CC, pH≈ pKa, low æs

0.4 CC, highæs 0.14 to 0.15 CC, pH≈ pKa, highæs

0.24 to 0.3 SL, high pH andæs

Tcorona∼ æs
x 1 CC, lowæs 0.04 to 0.05 CC, pH≈ pKa, low æs

-0.2 CC, highæs -0.03 CC, pH≈ pKa, highæs

-0.09 SL, highæs -0.02 to-0.08 SL, high pH andæs

Nagg∼ æs
x -6 CC, lowæs -0.47 CC, pH≈ pKa, low æs

1.2 CC, highæs 0.43 to 0.45 CC, pH≈ pKa, highæs

0.54 SL, highæs 0.7 to 0.9 SL, high pH andæs
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aggregation number of starlike micelles is close to the analytical
prediction by Zhulina and Borisov, which isNagg ∼ æs

6/11.
However, for the case of crew-cut micelles, the scaling is
considerably less than the prediction of Zhulina et al.,6 which
is Nagg ∼ æs

-6 for low æs andNagg ∼ æs
6/5 for high æs.

Corresponding to the change in the aggregation number as a
function of the electrolyte concentrationæs, the core and corona
sizes change nonmonotonically as can be seen in Figure 6. The
parameterR represents either the radius of the coreRcore or
corona thicknessTcoronain units of the length of a lattice sitea.
The A100B300 copolymer is selected for fixed pH) 4. The core
size follows the dramatic change ofNagg. However, the corona
thickness changes less severely than the core radius. The corona
of the micelle, which mostly consists of polyacid block A,
undergoes two opposite effects. The change ofNaggshould lead
to a similar change ofTcorona. However, the variation inNagg is
driven by the increase (foræs < 10-3) or decrease (foræs >
10-3) of repulsion between the polyelectrolyte groups in the
corona. These electrostatic effects cause the hydrophilic chains
to stretch for æs < 10-3 or to contract for æs > 10-3,
compensating the trend of the core. These two opposite effects
lead to a relatively weak dependence ofTcoronawith æs.

Similar compensating effects are seen in Figure 7. Here, the
core radius and corona thickness of the micelle formed from
A100B300 are depicted as a function of pH at fixedæs ) 10-1.
The core radius follows the aggregation number (Figure 3b);
i.e., Rcore decreases at increasing pH. The corona thickness
increases steadily until it reaches an asymptotic value at pH>
5. Beyond pH) 5, the micellar properties become a weak
function of pH since the polyelectrolyte groups in the corona
are fully charged. In both Figures 6 and 7, there is no intersection
between core and corona curves. This means that in these
systems only crew-cut micelles exist.

More insight into the structural properties of crew-cut micelles
is obtained from radial density profiles. Radial profiles of the

volume fractionæ of A and B groups of copolymer in a micelle
are shown in Figure 8. Here, the center of the micelle is located
at r ) 0, and the micelle is composed of A100B300 block
copolymers. Radial profiles of micelles at pH) 4 for a set of
electrolyte concentrations are presented in Figure 8a. Profiles
of micelles atæs ) 10-3 for a few pH values are depicted in
Figure 8b. In this figure, the core of the micelle is easily
identified by the homogeneous density of the hydrophobic group
B. The polyacid group A is accumulated in the corona region.
As already described before, it can be seen that theRcore

increases andTcoronadecreases slightly for higheræs (see Figure
6 for the overall size changing). By increasing pH, the opposite
happens, theRcore decreases andTcorona increases, such that
eventually the starlike micelles are formed. It should be noted
that due to the application of a monomeric solvent in the model,
the volume fraction of hydrophobic groupæB in the core is not
equal to unity. In fact, it reaches a constant value of≈0.8 (cf.
Figure 2c,d). The volume fraction of hydrophilic polyacid group
æA depends strongly onæs and pH. Highæs and low pH values
lead to a higher local density of hydrophilic A groups in the
corona. The radial densityæA becomes extremely low at low
æs and high pH. A large number of charges in the corona cause
a more stretched chain in the corona which suppresses the core
size and reducesNagg. These effects lead to a very low density
of segment A in the corona as can be seen for example at pH
) 5 in Figure 8b. This can also be found later in Figure 10c
where the same copolymer is used at slightly higher pH) 4.5
and lower electrolyte volume fractionæs ) 10-5. Further
discussions about the presence of the starlike micelles and the
transition between crew-cut and starlike micelles can be found
in the next section.

Figure 6. Radius of core and corona thickness of a micelle composed
of A100B300 block copolymers as a function of salt volume fractionæs

at pH ) 4 and the grand potentialΩ ) 10kBT.

Figure 7. Radius of the core and corona thickness of a micelle from
A100B300 block copolymers as a function of pH atæs ) 10-1. The
restricted grand potentialΩ is equal to 10kBT. All micelles are in the
crew-cut form.

Figure 8. (a) Profiles of the volume fractionæ of A and B groups of
block copolymers in a spherical micelle along the radial directionr
through the center of the micelle which is located at the point of origin.
The micelle is composed of A100B300 block copolymers at pH) 4 and
salt volume fractionæs ) 10-1 and 10-3. (b) Similar profile for pH)
3, 4, and 5 as indicated at fixedæs ) 10-3. The radial densityæA for
pH ) 5 is extremely small such that it is difficult to see the profile in
this coordinate scale. As in the case study, all of the volume fraction
æB in the core reach the value of≈0.8.
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As can be seen in Table 1, the core radius scales with the
electrolyte volume fraction asRcore∼ æs

x. For the case of crew-
cut micelles,x is equal to-0.15 at lowæs and 0.14 at highæs

for pH close to the pKa. For starlike micelles,x varies from
0.24 to 0.3 at highæs. The scaling of the corona thicknessTcorona

with the electrolyte concentrationTcorona ∼ æs
y gives for the

case of crew-cut micelles;y is about 0.04 at lowæs and-0.03
at highæs for a pH close to the pKa. For starlike micelles,y is
around-0.08. The analytical prediction of the scaling of the
size withæs areRcore ∼ æs

-2 at low æs and∼æs
2/5 at highæs

for crew-cut micelles.6 The thickness of corona scales asTcorona

∼ æs at low æs and∼æs
-1/5 at high æs for crew-cut micelles

andTcorona∼ æs
-1/11 for starlike micelles.

A large discrepancy between analytical and numerical
calculation happens for the case of crew-cut micelle. Possible
explanations for this discrepancy are that in the numerical work
the polyelectrolyte group does not contain enough charges at
pH < pKa or that the hydrophilic and hydrophobic lengthsm
andn are not large enough to find the limiting scale. It should
be noted that the box profile used in the analytical work is a
severe approximation, especially for a spherical coordinate
system, so that it is not surprising that the scaling predictions
are not exactly reproduced.

C. Transition between Crew-Cut and Starlike Micelles.
Until now, we have discussed the case when the core radius is
larger than the corona thickness. Whenæs in the system is
lowered, the opposite is found. A smooth transition between
crew-cut (CC) and starlike (SL) micelle occurs as pH oræs

changes. This transition, for example, can be seen in Figure 9.
Here, the size of the micelle that consists of copolymers A100B300

at æs ) 10-3 changes with pH (Figure 9a) and at pH) 5 varies
with æs (Figure 9b). In Figure 9a, as the pH increases, the core
radius decreases, and the thickness of corona increases smoothly.
When the pH value is close to pKa, Rcore ) Tcorona(as indicated
by the arrow). For pH< pKa, the micelles are in the crew-cut
form, and for pH> pKa, starlike micelles are found. The reverse

is found for increasingæs at fixed pH as can be seen in Figure
9b. Beyondæs ≈ 1.5 × 10-2, where the core and corona size
are equal, crew-cut micelles are found, and at lowæs starlike
micelles exist.

It is important to note that this transition only happens at
sufficiently high pH and relatively lowæs values. The reason
for this is that at high pH the copolymers, and consequently
the micelles, are highly charged such that the headgroup is more
responsive to the change of added electrolyte concentration. At
low æs, the polyacid block in the headgroup is unscreened and
the degree of dissociationRA- is low. The micellar structure
changes rapidly when the total charge in the corona increases
with pH. To illustrate this, we refer again to the radial density
profiles of the micelles for various pH values given in Figure
8b. At pH ) 3 crew-cut micelles prevail, whereas at pH) 5
starlike micelles are found.

Clearly, upon changes inæs or pH, a smooth transition
between crew-cut and starlike micelles occurs atæs ≈ 10-3.
Remarkably, these two micellar forms also coexist in a particular
range of pH andæs values. This occurs at even loweræs. The
best way to show the coexistence between these two micellar
size is by considering the corresponding restricted grand
potentialΩ. To find two different micellar sizes that coexist,
there must be two regions ofΩ that meet the stability condition
which is given in eq 10. Moreover, the chemical potential of
the copolymers should be identical for these two cases. An
example of this is shown in Figure 10 for copolymer A100B300

at pH) 4.5 andæs ) 10-5. In Figure 10a, it is shown that the
grand potential curve has a negative slope atNagg < 7 and at
Nagg> 85. In Figure 10b, the correspondingµp is plotted. Since
∂Ω/∂µp ) -Nagg, the stable micellar region is where the slope
of theµp curve is positive (eq 26). In this case, it occurs atNagg

< 7 and atNagg> 85. In these two regions, thermodynamically
stable micelles are found, whereas in the intermediate range, 7
< Nagg< 85, the slope is positive, representing unstable micellar
structures. Moreover, the first stable region corresponds to small
starlike micelles, and the second stable region corresponds to
large crew-cut micelles. The radial profiles of the volume
fractionsæA and æB of the two coexisting micelles at corre-
sponding positions 1 and 2 (as indicated in Figure 10a) can be
seen in parts c and d of Figure 10 for starlike and crew-cut
micelles, respectively. These micelles exist at the selected value
of the chemical potentialµ′p ≈ -249.5kBT (cf. Figure 10b). For
the starlike micelle,Rcore ) 6.34 andTcorona ) 15.64; for the
crew-cut micelle,Rcore) 24.74 andTcorona) 10.86 (in the units
a).

The local radial density of the polyelectrolyte segment A in
the corona for the starlike micelle is much lower than that for
the crew-cut micelle (note the difference in scales between parts
c and d of Figure 10). In Figure 10c, the noticeable overlap
between the radial densities ofæA andæB in the core-corona
interface is due to the low segment densityæA. As already
mentioned before, the radial densityæA becomes extremely low
at low æs and high pH. This is due to the large number of
charges present in the corona that leads to strongly stretched
and radially extended polyelectrolyte chains.

The chemical potentialµp of the copolymer as a function of
Nagg is presented in Figure 10b. The horizontal line indicates
where crew-cut and starlike micelles coexist. It can be seen that
there is only a narrow region in which this coexistence can
occur. It is governed by the narrowµp region where stable large
crew-cut micelles can exist.

By applying eq 21 in the coexistence region, one can evaluate
the concentration of copolymers that assemble into starlike and

Figure 9. (a) Radius of the core and the corona thickness of micelles
composed of A100B300 block copolymers as a function of the pH atæs

) 10-3. (b) Similar plot for varying salt volume fractionæs at pH) 5.
For both figures, the grand potentialΩ ) 10kBT. The arrows indicate
the transition point.
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crew-cut micelles. The contributions to the total copolymer
concentration are depicted in Figure 11. In Figure 11a, the
volume fraction of copolymers in the bulk, both in small and
in large micelles, are plotted as a function of the bulk valueæp

b.
In Figure 11b, the total volume fraction of copolymersæp is
plotted at different bulk values. It can be seen that as the
copolymer concentration increases beyond the cmc, small
micelles are initially formed. It is then followed by the
coexistence between small and large micelles at higheræp. In
this coexistence region, the relative contribution of the large
micelles increases abruptly and becomes dominant over the
small ones. Only in a very narrow region, as indicated with an
arrow in Figure 11b, the amount of copolymers in the large
and small micelles is of the same order.

The mole fractions of coexisting small and large micelles
with increasing copolymer volume fractionsæp are obtained
using eq 19 and imposing volume conservation. The result is
depicted in Figure 12. Here,X1 is the mole fraction of the small
starlike micelle andX2 is that of the large crew-cut micelle. As
the amount of copolymers increases, the crew-cut micelles
appear and quickly dominate so that the relative contribution
of starlike micelles diminishes. The number of small and large
micelles are equal atæp ≈ 7 × 10-2. Beyond this value, the
large micelles are more dominant as already described above.

At low electrolyte volume fraction (æs ) 10-5), there is a
narrow pH region of coexistence. This coexistence is manifested
in various micellar properties as illustrated in Figure 13. In
Figure 13a theNagg is plotted as a function of pH, and in Figure
13b the bulk degree of dissociation of segment state A- (RA-

b )
and the average degree of dissociation in the micelle〈RA-〉 are
plotted. As previously described,Naggdecreases with increasing
pH, but the intermediateNagg values vanish and a narrow pH
range is found for which two different values ofNagg coexist.

The average degree of dissociation of polyacid block〈RA-〉
increases with pH. As can be seen in Figure 13b, the average

Figure 10. (a) Grand potentialΩ as a function of aggregation numberNagg (in logarithmic scale). Regions with negative slope indicates the
existence of stable micelles. The diagonal dashed line corresponds to an example of two micelles that coexist at the same chemical potentialµ′p.
They are indicated as 1 and 2. (b) Copolymer chemical potentialµp as a function of aggregation numberNagg. The horizontal line represents two
coexisting stable micelles. The micelles are composed of block copolymers A100B300 at pH) 4.5 andæs ) 10-5. (c) Radial profiles of the volume
fractionsæA andæB of the micelle at 1 as indicated in (a). (d) Radial profiles of the volume fractionsæA andæB of the micelle at 2 as indicated
in (a). In (c) and (d),æB is shown by a solid line andæA by a dashed line. In both (c) and (d),æB reaches the value at about 0.8 in the core region
(outside the scale) as in Figure 8.

Figure 11. (a) Various contribution of the total block copolymer
volume fractionæp as a function of its bulk valueæp

b: small micelles
X1æm ) e-Ω1/kBT, large micellesX2æm ) e-Ω2/kBT, and free copolymers
in the bulkæp

b for copolymers A100B300 at pH) 4.5 andæs ) 10-5. (b)
Total copolymer volume fractionæp as a function ofæp

b. The starting
point of the curve gives the total copolymer concentration at the cmc
where the first stable micelles appear. The arrow denotes the region
where the contribution to the total copolymer concentration of the large
and small micelles is the same.
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degree of dissociation is less than that in the bulk. Analogous
to Nagg, the intermediate〈RA-〉 values do not occur, and two
different values of〈RA-〉 coexist in a narrow pH range. As
indicated, the coexistence region is in between the two dashed
lines, i.e., at 4.45< pH < 4.55. At pH< 4.45, only crew-cut
micelles exist, and at pH> 4.55, only starlike micelles are
found. In the coexistence region, two micelles exist in different
proportions, as already explained previously for the case of pH
) 4.5 (cf. Figure 12).

Having demonstrated the presence of a coexistence region
of crew-cut and starlike micelles on thermodynamic grounds
(as discussed extensively above), we proceed to show the
evolution of a thermodynamic property, such asΩ, for varying
pH andæs. A selected set of results is shown in Figure 14, both
for the case of varying pH at fixed electrolyte volume fraction
æs ) 10-5 (Figure 14a) and for varyingæs at fixed pH) 4.5
(Figure 14b). Again, the region where the value ofΩ is negative
is considered experimentally inaccessible. Moreover, stable
micelles exist in the region where the slopeΩ(Nagg) is negative.
In Figure 14a, it can be seen that up to pH) 4.35 there is only
a single stable micellar region. At pH) 4.45, two stable micellar
regions are found. In Figure 14b, atæs ) 10-1-10-4, one stable

micellar region exists. Foræs < 10-4, two stable regions appear.
Note that the maximum value of the grand potentialΩmax first
decreases with the decreasingæs, but for æs < 10-4, Ωmax

increases with decreasingæs. This increasingΩmax for decreas-
ing æs is another manifestation of the nonmonotonic behavior
of micellar properties with respect toæs. As æs decreases, the
peak moves first to a lowerNagg value and then it shifts again
to a higher value (a similar example is already discussed in
Figure 4).

From such sets of curves, one can locate the stable micellar
regions for various pH oræs. As an example, the compilation
of these regions in the pH vsNagg system is depicted in Figure
15a. In this figure, the stable regions of starlike and crew-cut
micelles are hatched and denoted as SL and CC, respectively.
The bold curve indicates the stability boundaries which are
obtained either from the first or the second maximum value of
grand potential curve, denoted asΩmax1or Ωmax2, respectively.
The bold dashed curve in Figure 15a is obtained from the
maximum grand potential with negative values. The thin curves
are obtained from the minimum grand potentialΩmin or zero
grand potential for the case of a negativeΩmin. The region of
pH in between the two horizontal lines (4.4j pH j 4.6) of
Figure 15a demarcates the coexistence zone.

Phase coexistence of two systems of finite size is unusual
and thus extremely interesting. It has been shown previously
in Figure 11 that by gradually increasingæp

b, i.e., by increasing
the chemical potentialµp of the copolymers in the system, one
may find changes in the population of both crew-cut and starlike
micelles. As these two populations do not respond in the same
way, it is possible to change the relative ratioX of these micelles
in the system. As a consequence, one can imagine that the two
species are present at about the same quantities. Another finite-
size effect is that, upon increasing the chemical potential of the
copolymers, both micellar species increase their aggregation
number modestly yet noticeably (Figure 10b). Indeed, the
coexistence of these two micellar species is only possible since
there is a free energy barrier that makes intermediate micellar

Figure 12. Total copolymer volume fractionæp with corresponding
mole fraction of small micellesX1 and big micellesX2 in the micellar
ensemble for copolymers A100B300 at pH ) 4.5 andæs ) 10-5. The
arrow indicates the point whereX1 ) X2 at æp ≈ 7 × 10-2.

Figure 13. (a) Plot of the aggregation numberNaggvs pH atΩ ) 0 of
micelles composed of block copolymers A100B300 at æs ) 10-5. The
coexistence zone is in between the two dashed lines. (b) Plot of the
degree of dissociation of the polyacid block in the bulkRA-

b and its
average〈RA-〉 in the micelle.

Figure 14. (a) Plot of the grand potentialΩ as a function of the
aggregation number in logarithmic scale at different pH values, as
indicated. The block copolymer A100B300 is used, and the electrolyte
volume fractionæs is fixed at 10-5. (b) Similar plot for varyingæs at
fixed pH ) 4.5.
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sizes thermodynamically unstable. This barrier is not infinitely
high, and the finite size effects can systematically be investi-
gated.

The micellar coexistence hints to a first-order-like phase
transition that shows various analogies to first-order phase
transitions in macroscopic systems. Within the terminology of
first-order phase transitions, one should be able to identify a
binodal and one or more spinodal conditions. At this stage, it
is not completely clear which order parameter should be used
to properly identify these quantities. In this respect, it is
interesting to view the physicochemical conditions in terms of
the pH andæs for which stable starlike micelles appear for the
first time, while at the same chemical potential, the crew-cut
micelles already exist. This should correspond to a type of
spinodal point. Indeed, from Figure 15a, it is clear that one of
such points on this curve is found foræs ) 10-5 at pH≈ 4.4.
A complementary point can be identified where the first crew-
cut micelle is found when starlike micelles are already present.
From Figure 15a, this point is at pH≈ 4.6 foræs ) 10-5. These
two “spinodal points” are transferred to aæs vs pH microphase
diagram, as can be seen in Figure 15b. The complete set of
spinodal points are indicated with two bold curves. These two
curves intersect at two critical points which are indicated by
solid dots. In this figure, the dashed line indicates the location
of smooth transitions between crew-cut and starlike micelles.

A region indicated as SU is located at high pH and lowæs. In
this region, already forNagg ≈ 1, unimeric micelles are
thermodynamically stable. In this case, there is no gap between
unimeric and micellar objects as true micellization does not
occur. The fact that the thin curve that bounded the SU region
intersects the coexistence zone indicates the possibility of
coexistence between starlike micelles of unimeric size and large
crew-cut micelles. An example of this has been discussed
previously for the case of the copolymers A100B300 atæs ) 10-5

and pH) 4.5, as indicated by a cross in Figure 15b.
Following a path which is indicated by the arrow 1, the

micelles change smoothly from the crew-cut (CC) to the starlike
(SL) form at æs ≈ 5 × 10-3. As æs is decreased further, the
starlike micelles of unimeric size begin to be found, and atæs

≈ 2 × 10-5 coexisting crew-cut micelles and starlike micelles
of this type start to appear. Belowæs ≈ 7 × 10-6, again, only
unimer-sized starlike micelles exist. A similar path, indicated
by the second arrow at pH≈ 4.25, gives the sequence CC-
SL-CC upon decreasingæs, in which both transitions are
smooth. The paths indicated by the third, fourth, and fifth arrows
point to paths at fixedæs while pH is changed. In the third
path, a smooth CC-SL transition is found, whereas the fourth
path gives a stepwise change from CC to SL-SU through the
coexistence region. A stepwise change from CC to SU through
the coexistence region is expected following the fifth path.

In the analytical work by Zhulina and Borisov, the transla-
tional entropy as well as the mixing entropy of the various
micelles was ignored. As argued before, the micelles with zero
grand potential as selected by Zhulina and Borisov must always
closely be related to the micelles with finite grand potential (we
choose a typical value of 10kBT). As a result, the two approaches
are comparable. In the analytical work, it is noted that the grand
potential of the two type of micelles become zero for a fixed
set of physicochemical conditions. From this, it was concluded
that these micelles should coexist and that there is a first-order-
like transition between these micellar entities. Our SCF analysis
is more detailed, since nontrivial radial distributions are allowed,
and the translational and mixing entropies are taken into account.
Together with the SCF predictions, the analytical work may be
used to select systems for experimental verification. This is very
relevant since the coexistence only occurs in a narrow pH
interval.

V. Conclusion and Remarks

Self-assembly of block copolymers that consist of a hydro-
phobic block and a hydrophilic annealed polyelectrolyte block
is investigated by means of the self-consistent-field approxima-
tion. The hydrophobic (tail) block accumulates mainly in the
core region of the micelles, and the polyelectrolyte headgroup
is found in the strongly hydrated corona. As for the annealed
polyacid segments, the degree of dissociationRA- increases with
pH and electrolyte concentrationæs. In our model, the long-
range electrostatic interaction vanishes in the bulk solution, such
that RA-

b is only governed by pH. The 1:1 electrolyte affects
the degree of dissociation in the micellar region in a complex
way.

The predicted nonmonotonic behavior of the equilibrium
properties of the micelle,5,6 such as the aggregation numberNagg

and the micellar size, as a function ofæs at fixed pH, is
confirmed by the SCF computation. Salt ions have two
counteracting effects: they screen the electrostatic potential in
the corona and increase the degree of dissociation of this block.
This antagonism leads to the nonmonotonic behavior of equi-
librium properties. For crew-cut micelles, the numerical values

Figure 15. (a) Compilation of stable micellar regions in a pH vsNagg

diagram (shadowed) for the block copolymers A100B300 at æs ) 10-5.
The stable starlike and crew-cut micelles are in the shadowed regions
and denoted as SL and CC, respectively. The bold curves indicate the
stability boundaries which are obtained from either the first or second
maximum value of grand potential, denoted asΩmax1 or Ωmax2,
respectively (cf. Figure 14). The bold dashed curve is obtained from
the maximum of the grand potential which has negative value, while
the thin curves are obtained either from the local minimum grand
potentialΩmin or zero grand potentialΩ ) 0. The region of pH in
between the two horizontal lines demarcates the coexistence zone. (b)
Microphase diagram of stable micellar regions for block copolymers
A100B300. Crew-cut and starlike micelles are denoted as CC and SL,
respectively. SU denotes the region where thermodynamically stable
unimers are found. The coexistence exists in the region which is
encapsulated by two bold curves. These curves composed of “spinodal
points” for which crew-cut and starlike micelles coexist for the first
time. The two curves intersect at two critical points which are indicated
by two solid dots. The cross in the coexistence zone refers to the point
which is plotted in Figures 10-12.
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of scaling exponents of various micellar properties withæs are
rather different from analytical predictions. This discrepancy
may be caused by the limited total charge that is attained at
low pH in which the crew-cut micelle is formed. The low degree
of polymerization of the head and tail groups that is used for
computational reasons may also contribute to this discrepancy.
For starlike micelles, the scaling results from numerical calcula-
tion are quite close to the analytical predictions.

For high electrolyte concentration (æs > 2 × 10-2), only
crew-cut micelles exist. As the pH increases, the charges in the
corona remain fully screened such that the micellar character-
istics do not change much. A smooth transition between crew-
cut and starlike micelles is observed by increasing pH for 10-4

j æs j 10-2. The corona of the micelle is the more responsive
upon increasing pH, the lower theæs (due to weaker screening
effect). This is manifested in the significant change of corona
size relative to the core size. At sufficiently lowæs, there is a
coexistence between crew-cut and starlike micelles in a narrow
pH range. The first-order-like transition between these micellar
types is analyzed in depth and is expected to be experimentally
accessible.
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